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Wageningen, The Netherlands
A nonlinear response amplitude operator (NRAO) is derived that is able to model a wide class of nonlinear systems and
structures usually found in maritime and offshore applications. The corresponding functional scheme is of the Volterra series
type, and its order is explicitly dictated by the order of nonlinearity of the actual dynamical system. It is outlined that the
proposed operator is not bounded by any amplitude or frequency constraints and it can estimate the response of a nonlinear
system even for multichromatic excitations that consist of modes with significantly different (or not) amplitudes and frequencies.

INTRODUCTION
According to standard maritime engineering practice, in order to
interpret the dynamic response of a floating body or an offshore
structure with respect to the surrounding wave excitations, a
frequency transfer function, also termed “response amplitude
operator” (RAO), is derived and used. The validity of this operator
is based on the assumption of linearity between the excitation and
the system’s response. A major advantage that comes with the
analysis of dynamical systems in a linear context is that we can
employ simple harmonic excitations in order to obtain the required
operator from a straightforward input/output relation and without
any further computational effort.
However, in low- or high-dimensional nonlinear systems analysis,
things can be far more complicated, and the approximation functionals or their equivalent systemic structures may not be able to
successfully model the inherent nonlinearities of the actual system.
In many cases the test input, used for the estimation of the nonlinear system’s elements (i.e., integral kernels or static polynomials),
needs to be bichromatic, multichromatic, or white Gaussian noise.
Furthermore, the derivation of the resulting generalized transfer
functions is based on tedious algorithms accompanied by expensive
computational schemes that make continuous use of averaging techniques for any low- and higher-order auto and cross, input/output
correlations. Methods that employ harmonic inputs are usually fit for
narrow band applications, although they are also quite constrained
with respect to the excitation’s amplitude range. Furthermore, the
target system needs to exhibit sufficiently smooth nonlinearities in
the sense that the ratios between the harmonics’ magnitudes should
not change significantly as we vary the excitation’s amplitude or
frequency. Because the Volterra series is essentially the functional
extension of the Taylor series, it should be noted that nonsmooth
nonlinearities cannot be tackled unless the order of terms becomes
too high. However, it could be said that Preisach-type operators
could further be appended to the proposed scheme in order to
cover to a certain extent such complex nonlinear behaviors, while
discontinuous dynamical systems, such as the thermodynamic
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system presented in this work, can already be dealt with adequately.
It is further noted that the structure of the proposed method, i.e.,
no amplitude or frequency range restrictions, could provide us with
the ability to tackle problems with saturation dynamics as well.
The concept of a functional representation of a system of
nonlinear differential equations through a Volterra series was
created on the basis of a generalization of power series solutions
by Volterra (1959) and initially applied to nonlinear systems
by Wiener (1942). The Volterra series approach, being a power
series generalization, is related to convergence issues, as shown
by Palm and Poggio (1977). Consequently, Boyd et al. (1984)
provided the conditions for the series to converge with the aid
of various versions of the gain bound theorem, while Boyd and
Chua (1985) derived, via the fading memory concept, suitable
approximation theorems for a truncated Volterra series defined on
noncompact subsets of the input space, i.e., defined on the infinite
line. Some very useful theoretical results with respect to classes of
nonlinear dynamical systems that admit Volterra series modeling
and identification were among others derived by Palm and Poggio
(1977), Schetzen (1980), Rugh (1981), and Palm (1978). In the
latter work in particular, equivalency conditions between different
types of nonlinear systemic approximation schemes were derived,
and one of the main results of Palm (1978), also fully exploited
in this work, is that all continuous-time dynamical systems can
be approximated by the class of separable-kernel polynomial
systems, a subclass of polynomial systems. It is noted that the
term “separable kernel” corresponds to the ability to express an
N -dimensional kernel as an N -product of one-dimensional (linear)
kernels. However, even with such a sound theoretical background in
the capabilities of nonlinear systems identification, the development
of a widely applicable, generic approach seems to be lacking; we
can only develop techniques that apply to specific characteristics of
the nonlinear systems as shown by Barrett (1963), Boyd and Chua
(1985), Storer (1991), Spanos and Donley (1991, 1992), Kareem
et al. (1995), Donley and Spanos (1992), Van de Wouw et al.
(2002), Chatterjee and Vyas (2003, 2004), Lang and Billings (1997),
Doyle et al. (2002), Ogunfumi (2007), and Giri and Bai (2010).
In an effort to overcome all of the above issues, a Volterra
series-based nonlinear response amplitude operator (NRAO) is
proposed. The order of the functional scheme is directly dependent
on the order of the nonlinearity of the actual system, while the
Volterra kernels become implicitly dependent on the input since the
oscillatory properties of the excitation are used as parameters for
the determination of the final form of the nonlinear operator. The
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algorithm and steps for the derivation of the NRAO corresponding
to a general nonlinear dynamical system under harmonic excitations
were thoroughly stated in Gkikas and Athanassoulis (2014), while
its extension for bichromatic excitation cases along with the
corresponding time and frequency domain functional representations
are illustrated below.
A representative application of the proposed NRAO is made with
respect to the approximation of the nonlinear pressure response
inside the chamber of an oscillating water column wave energy
converter (OWC-WEC) under harmonic, bichromatic, and spectral
wave excitations. This case study is fully consistent with the
issues raised above, since the nonlinear features of the internal
dynamic pressure exhibit a strong but arbitrary dependence on the
oscillatory characteristics of the excitation, and it can be considered
a representative case for a large number of complex nonlinear
maritime and offshore systems.

NONLINEAR THERMODYNAMIC SYSTEM
A detailed analysis regarding the nonlinear thermodynamic
system for which the proposed NRAO is applied is presented
in Gkikas and Athanassoulis (2014). However, for reasons of
understanding and illustration, a concise description will also be
made within this section.
To model the thermodynamic processes inside the OWC chamber,
the converter was considered an “open system” (Gyftopoulos and
Beretta, 1991; Bejan, 1997), and hence the temperature, mass, and
pressure inside the chamber depend mainly on the fluctuations of
the induced volume fluxes on the internal free surface as well as
on the mass flow rates that take place at the turbine(s) and/or the
control valve(s). Depending on the level of pressure inside the
chamber, the modeling of the plant is divided into two phases, i.e.,
the “compression” and “decompression” processes:
• In the compression process, the pressure inside the chamber
builds to a value higher than the external ambient one, i.e., atmospheric, and the air particles leave the chamber through the turbine
and/or valves.
• In the decompression process, air enters the chamber through
the turbine the moment that the chamber’s internal pressure falls
below the ambient one.
Furthermore, slow thermodynamic processes are assumed, the
air inside the chamber is assumed to be homogeneous, and any
possible spray effects due to possible wave breaking inside the
OWC chamber are neglected. For the specific thermodynamic
system, the first law of thermodynamics and the mass conservation
equation take the form:
Z ¡4e5
Z
Z
¡V = − q · n dSL − Ẇ − hv · n dSU
¡t

(1)

Z ¡
Z
¡V = − v · n dSU
¡t

(2)

V

V

SL

SU

SU

where V 1 SL , and SU denote the air volume inside the chamber, the
internal free surface area, and the turbine’s and control valves’
permeable control surfaces, respectively;  is the air density; e is
the specific energy; Ẇ is the work transfer rate; and q and v are
the net heat flux and velocity vectors, respectively.
Following Gyftopoulos and Beretta (1991), Falcao and Justino
(1999), Gkikas et al. (2006), and Gkikas and Athanassoulis (2014),
Eqs. 1 and 2 are reformulated from a distributed to a “lumped”
open system description, presented in Eqs. 3 and 4; the turbine

is simulated by a valve of analogous air-blockage characteristics
because of a lack of data.
POWC 4t5 ≥ PAT M 2


A
ẋ 4t5
ẋ1 4t5 = −
u̇4t5 + 2 C x1 4t51
u4t5
x2 4t5
p
−x2 4t5 · x1 4t5
ẋ2 4t5 =
D · u4t5





F · u4t5 4+15/ 1/2
F · u4t5 2/
−
·
x2 4t5 · x1 4t5
x2 4t5 · x1 4t5

(3)

POWC 4t5 < PAT M 2
A · x1 4t5
ẋ 4t5
u̇4t5 + 2 4B − x1 4t55 1
u4t5
x2 4t5





x 4t5 · x1 4t5 4+15/ 1/2
x2 4t5 · x1 4t5 2/
− 2
ẋ2 4t5 = E ·
u4t5 · F
F · u4t5

ẋ1 4t5 = −

(4)

where POWC 4t5 = x2 4t5 · R · x1 4t5/u4t51 x1 4t5 = T 4t5 (temperature),
x2 4t5 = m4t5 (mass), and u4t5 = VOWC − AF S · F S 4t5; PATM , VOWC ,
AF S 1 F S 4t5 denote the atmospheric pressure, the volume of the
OWC chamber above the undisturbed free surface, the free surface
area under the chamber, and the amplitude of the spatially averaged
wave elevation inside the chamber, respectively. 1 A1 B1 C1 D1 E,
and F are constants that depend on the thermodynamic and
geometric properties of the trapped air and OWC chamber and
need no further specification for this work.
For the direct numerical simulations (DNS), a fourth-order
Runge–Kutta method with a fixed time step of 0.1 s (10 Hz
sampling frequency) was implemented in the system presented in
Eqs. 3 and 4.
Nonlinearities
The thermodynamic quantity for which the system identification
is performed is the in-chamber dynamic pressure, pD 4t5, by means
of which the thermodynamic part of the OWC’s modeling is
successfully coupled to the corresponding hydrodynamic part; see
Evans and Porter (1995) or Gkikas (2014a).
pD 4t5 =

m4t5RT 4t5
− PATM = POWC 4t5 − PATM
V 4t5

(5)

In Fig. 1, the maximum dynamic pressure is plotted against the
amplitude of the excitations and for a number of distinct amplitude–
period (frequency) combinations, i.e., max4pD 4t3 Aexc 1 Texc 55. Thus,
the system’s nonlinearities are outlined, especially in the lowfrequency excitation range.
In a more insightful view of the dynamic pressure’s nonlinear characteristics, the ratios between the magnitudes of the
first three harmonic components (i.e., Ĥ 1 4f 1 A5/Ĥ 2 4f 1 A5 and
Ĥ 2 41 A5/Ĥ 3 41 A55 are computed for a variety of frequency–
amplitude combinations (i.e., 4f 5–4A5 combinations) of practical
interest and are displayed in Figs. 2 and 3, respectively.
From both figures, it can be deduced that the corresponding ratios
reveal an arbitrary nonlinear relation between the harmonics of the
dynamic pressure response and the specific amplitude–frequency
characteristics of the excitation. The Ĥ 1 4f 1 A5/Ĥ 2 4f 1 A5 ratio
attains its maximum values at the lower end of the frequency–
amplitude lattice, whereas at the higher end of the frequency–
amplitude lattice the ratio obtains its lowest values. Similar contrasts
occur for the Ĥ 2 41 A5/Ĥ 3 41 A5 ratio, because in the higher
frequency–higher amplitude region the impact of the second
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Fig. 4 Structure of the nonlinear polynomial identification model
corresponding to a monochromatic input

DERIVATION OF THE NRAO

Fig. 1 3-D plot of the maximum dynamic pressure, max4PD 5, on
the amplitude–frequency plane

Following Gkikas and Athanassoulis (2014), where the foundations and conceptual background for the development of a stable
Volterra series representation of the above dynamical system were
laid, we proceed to the enhancement of this representation in order
to be able to facilitate its extension to general nonlinear/irregular
excitations. This extension, besides incorporating all of the specific
features of the system’s dynamics under monochromatic excitations,
can also successfully take into account the existence of a number
of modes embedded in the excitation as well as all of the extra
modes that correspond to higher-order cross terms (CT) and auto
terms (AT), i.e., the interactions between the harmonic modes in a
multichromatic signal.
It is noted that a thorough analysis with respect to the main
steps of the proposed system identification scheme, i.e., estimation
of the systemic elements of the Wiener–Hammerstein cascade
(W–H cascade) presented in Fig. 4, is again presented in Gkikas
and Athanassoulis (2014). However, a compendious description of
the corresponding systemic and functional operators will be given
below, acting as a medium for the development of an NRAO that
is able to treat multichromatic excitation cases.
According to Gkikas and Athanassoulis (2014), in the case of a
monochromatic excitation:
u4t3 An 1 m 5 = An cos4m t5

Fig. 2 Ĥ 1 4f 1 A5/Ĥ 2 4f 1 A5 (log scale)

harmonic upon the overall response is clearly much more significant
than the one due to cubic terms, whereas in the lower frequency–
lower amplitude region the exact opposite occurs, with the cubic
terms contributing the most with respect to any other higher-order
modes.

(6)

the nonlinear operator corresponds to the W–H cascade presented
in Fig. 4.
In this W–H system, the dynamic elements (filters) are associated
to an arbitrary frequency influence strip centered at the reference
frequency ref 1m 1 m = 11 21 0 0 0 1 M and are related to the excitation’s
frequency according to the following:


ã
ìref 1m = m ∈ R+ 2 m − ref 1m ≤
1 ã ≥ 0
2

(7a)

The static polynomial coefficients of the W–H system are also
conditioned, besides frequency, to an analogous amplitude influence
strip that corresponds to an arbitrary reference amplitude Aref 1n 1 n =
11 21 0 0 0 1 N , and it is defined as:


ãA
Aref 1n = An ∈ + 2 An − Aref 1n ≤
1 ãA ≥ 0
2

(7b)

Thus, the resulting systemic operator for a monochromatic excitation
is defined by an influence cell that, in turn, is centered at the
reference lattice point 4Aref 1n 1 ref 1m 5 and is defined as:
Lref 1n1m = ìref 1m × Aref 1n

(8)

If we define a systemic set Sn1m as:
Fig. 3 Ĥ 2 41 A5/Ĥ 3 41 A5 (linear scale)

Sn1m 4g5 ≡ NRAO4g1 Aref 1n 1 ref 1m 5 ∈ Lref 1n1m

(9a)
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Fig. 6 Distribution of the coefficients a1 1 a2 1 a3 on the joint reference period 4Tm = 2/m 5-amplitude 4An 5 space

Fig. 5 Schematic representation of the system identification
channeling for two different, monochromatic excitations, i.e.,
u311 = u4A3 1 1 3 t5, and S311 and S114 denote the systemic sets that
correspond to u311 and u114 , respectively.
then at every lattice point (or cell) a distinct set, Sn1m , of three
polynomial coefficients and two integral kernels is associated, as
shown in Fig. 5.
(
)
a1 4An 1 m 51 a2 4An 1 m 51 a3 4An 1 m 51
Sn1m =
(9b)
g1 4t3 m 51 g2 4t3 m 5
Thus, the operator corresponds now to the following functional
form:
Fig. 7 Impulse response g1 4s 3 Tm 5 on the discrete time 4s 5–
reference period 4Tm 5 space with sampling period s = 001 s

NRAO4g3 Aref 1n 1 ref 1m 5
= a1 4Aref 1n 1 ref 1m 5g2 4t1 3 ref 1m 5 ∗ 4g1 4t3 ref 1m 5 ∗ 4g55
+ a2 4Aref 1n 1 ref 1m 5g2 4t3 ref 1m 5 ∗ 4g1 4t3 ref 1m 5 ∗ 4g552
+ a3 4Aref 1n 1 ref 1m 5g2 4t3 ref 1m 5 ∗ 4g1 4t3 ref 1m 5 ∗ 4g553

(10)

where ∗ denotes convolution.
By means of such a parameterization, the NRAO is fully conditioned to the oscillatory properties of the input with the resulting
functional representation being a concise low-order Volterra series.
For the multichromatic input case, the functional analogues
will still be of the Volterra type, while the corresponding Volterra
kernels will be enhanced in such a way that all kinds of nonlinear
interactions between the modes, which are embedded in the original input signal, are appropriately addressed. It is outlined that,
while monochromatic excitations are employed, these systemic
components, presented in Figs. 6–8, are still used for the multichromatic cases. In this way the proposed system identification process
can be regarded as a quite robust and computationally efficient
approximation scheme.
Because the parametric dependency of the systemic elements
was made with respect to the amplitude (energy) and frequency
content of the input signal, for their derivation we made use of
no other information besides the abnormal patterns that could
be observed from the ratios between the harmonics. During the
system identification, the highest-order (in our case the third-order)
coefficients are directly computed from the analogous harmonics
without any contribution from the lower-order ones, whereas, in

order to estimate the first-order coefficients, the energy content that
is contributed from the third- to the first-order terms is appropriately
removed.
The procedure can also be regarded as an alternative system
identification scheme that is based on having the coefficients
directly dependent on the energy and frequency content of the
harmonic of the analogous order and not derived by some arbitrary
“blind” computational scheme, as occurs in most of the black-box
system identification methodologies.

Fig. 8 The same as Fig. 7 but for g2 4s 3 Tm 5
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Thus, according to the proposed system identification process,
we manage to distinguish the energy contributions of the higherorder terms to the lower-order ones, while the estimation of the
coefficients that correspond to the higher harmonic components
precedes the estimation of the corresponding lower order ones, i.e.:
a3 4Ĥ 3 4A1 55 → a1 4Ĥ 1 4A1 51 Ĥ 3 4A1 55

(11)

As a superposition of linear modes interacts with a static nonlinear
polynomial P , with unit coefficients and up to the third-order
nonlinearities, several second- and third-order auto terms (AT) and
cross terms (CT) are generated:
P 4x1 4t5 + x2 4t55 = x1 4t5 + x2 4t5 + x12 4t5 + x22 4t5
|
{z
} |
{z
}
1st Order Terms

or in a more generic form:

2nd Order Terms (AT)

x13 4t5 + x23 4t5

+ 2x1 4t5 · x2 4t5 +
{z
}
|
|

an 4Ĥ n 4A1 55 → an−2 4Ĥ n−2 4A1 51 Ĥ n 4A1 55 → 0 0 0
˜

0 0 0 → aI˜ 4Ĥ I 4A1 51 0 0 0 1 Ĥ n−2 4A1 51 Ĥ n 4A1 55

2nd Order Terms (CT)

(12)

{z

}

3rd Order Terms (AT)

+ 3x12 4t5 · x2 4t5 + 3x22 4t5 · x1 4t5
|
{z
}

(17)

3rd Order Terms (CT)

with n = 11 21 31 0 0 0 and
(
11 for odd order terms
˜I =
01 for even order terms

(13)

To each of the above terms we assign a coefficient in accordance
with its amplitude and frequency characteristics, and thus the output
right after the polynomial reads:

As a result of this, the system identification scheme can be considered as an interpretation of the energy-contribution mechanism from
the higher-order harmonics (or coefficients) to the lower-order ones.

v4t5 =

Multichromatic Input Case

=

14
X

vP 4t5

P =1
2
X


415
415
a1 Aref 1n4k5 3ref 1m4k5 ·xk 4t5

k=1

To illustrate better the way the systemic elements are assigned,
the single input/single output (SISO) W–H cascade presented in
Fig. 4 is reformed to an equivalent SISO–single input/multiple
output (SIMO)–multiple input/single output (MISO) cascade, as
shown in Fig. 9.
In this context, we can observe how the filters and coefficients
are related to the nonlinear modes that are embedded in the final
response in a distinct manner. However, in a very similar way, we
construct the interactions of the nonlinear auto terms (AT) and
cross terms (CT) that correspond to a multichromatic case. For
reasons of illustration, the number of linear modes embedded in
the excitation is limited to two, i.e., the biharmonic case, and the
input signal is defined as:
ũ 4t5 =

2
X

uk 4t3 Bk 1 k 5 =

k=1

2
X

Bk cos4k t + k 5

(14)

k=1

This bichromatic input interacts with the first filter and the outputs,
corresponding to each of the linear modes of which the excitation
consists, and it can be expressed as follows:
415

xk 4t3 k 1 k 5 = g1 4t3 ref 1m4k5 5 ∗ uk 4t3 Bk 1 k 51

k = 11 2

2 X
2
X


425
425
a2 Aref 1n4i1k5 3ref 1m4i1k5 ·xi 4t5·xk 4t5

i=1 k=1

+

2 X
2 X
2
X


435
435
a3 Aref 1n4i1k1l5 3ref 1m4i1k1l5 ·xi 4t5·xk 4t5·xl 4t5

(18)

i=1 k=1 l=1

415

415

where Aref 1n4k5 and ref 1m4k5 denote the first-order reference amplitude and frequency that correspond to the amplitude Bk and k ,
425
425
435
435
respectively. Aref 1n4i1k5 1 ref 1m4i1k5 , and Aref 1n4i1k1l5 1 ref 1m4i1k1l5 denote
the second- and third-order reference amplitudes and frequencies,
respectively.
Algebraic and conceptual evidence dictated that the secondp
order reference amplitude and frequency correspond to A = Bi Bk
and  = 4i + k 5/2, respectively,
and the third-order reference
p
quantities correspond to A = 3 Bi Bk Bl and  = 4i + k + l 5/3,
respectively.
Subsequently, each of the terms created by the polynomial,
v4p5 4t51 p = 11 0 0 0 1 16, interacts with the second filter in a similar
manner, and the final response reads:

(15)
y4t5 =

with
x̃ 4t5 =

+

14
X

g2 4t3 ref 1P 5 ∗ vP 4t5

p=1
2
X

xk 4t3 k 1 k 5

(16)

k=1

=

2
X



415
415
415
a1 Aref 1n4k5 3 ref 1m4k5 × g2 t3 ref 1m4k5 ∗ xk 4t5

k=1

+

2 X
2
X

425

425

a2 Aref 1n4i1k5 3 ref 1m4i1k5



i=1 k=1


425
× g2 t3 ref 1m4i1k5 ∗ xi 4t5 ∗ xk 4t5
+

2 X
2 X
2
X

435

435

a3 Aref 1n4i1k1l5 3 ref 1m4i1k1l5



i=1 k=1 l=1


435
× g2 t3 ref 1m4i1k1l5 ∗ xi 4t5 ∗ xk 4t5 ∗ xl 4t5
Fig. 9 Reformulation of the initial (W–H) SISO systemic representation into a SISO–SIMO–MISO model

(19)

Thus, the general expression for the time domain nonlinear operator
that corresponds to a K-chromatic input can be consequently
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expressed as:
NRAO4t3 g1 0 0 0 1 g 5
| {z }
K

=

K
X



415
415
415
a1 Aref 1n4k5 3 ref 1m4k5 ×g2 t3 ref 1m4k5

k=1




415
∗ g1 t3 ref 1m4k5 ∗ 4g5k
+

K X
K
X



425
425
425
a2 Aref 1n4i1k5 3 ref 1m4i1k5 ×g2 t3 ref 1m4i1k5

i=1 k=1



 

415
415
∗ g1 t3 ref 1m4i5 ∗ 4g5l · g1 4t3 ref 1m4k5 5 ∗ 4g5k
+

K X
K X
K
X



435
435
435
a3 Aref 1n4i1k1l5 3 ref 1m4i1k1l5 ×g2 t3 ref 1m4i1k1l5

i=1 k=1 l=1



 


415
415
∗ g1 t3 ref 1m4i5 ∗ 4g5i · g1 t3 ref 1m4k5 ∗ 4g5k



415
· g1 t3 ref 1m4l5 ∗ 4g5l

(20)

After setting the reference quantities in a simpler notation, i.e.:
415

415

ref ≡ ref 1m4k5 1

425

425

ref ≡ ref 1m4i1k5 1

435

435

ref ≡ ref 1m4i1k1l5

Aref ≡ Aref 1n4k5 1
Aref ≡ Aref 1n4i1k5 1
Aref ≡ Aref 1n4i1k1l5 1

415

415

425

425

435

435

RESULTS
(21)

and after some manipulation, we can now define the NRAO and its
separable kernels in a much simpler and more generic frequency
domain form as follows:
c
N RAO4j3
g1 0 0 0 1 g 5
| {z }
K

=

K
X

Fig. 10 Time-domain simulation and comparison between the
pressure response PD (t) obtained by DNS (dashed line) and the
proposed NRAO (solid line) for a monochromatic wave excitation
of frequency f1 = 001 Hz and amplitude A1 = 1075 m

415
415 
K1 j3 Aref 1 ref · F 84g5k 9

In what follows, we compare the responses of the NRAO for
harmonic, bichromatic, and spectral seas with those of the target
nonlinear system, also termed the “direct numerical solution”
(DNS).
Harmonic Excitations
For this case, two different amplitude–frequency configurations
are used in order to observe the accuracy of the NRAO and its
approximation ability for different input characteristics. Thus,
for the first case the amplitude and frequency of the harmonic
excitation correspond to 1.75 m and 0.1 Hz, respectively (Fig. 10);
for the second case the amplitude and frequency correspond to
0.50 m and 0.2 Hz, respectively (Fig. 11).

k=1

+

K X
K
X

Bichromatic Excitations

425
425 
K2 j3 Aref 1 ref · F 84g5i 9 · F 84g5k 9

For the bichromatic excitation case, two different configurations,
Case I (see Fig. 12) and Case II (see Fig. 13), are used in order to

i=1 k=1

+

K X
K X
K
X

435
435 
K3 j3 Aref 1 ref

i=1 k=1 l=1

· F 84g5i 9 · F 84g5k 9 · F 84g5k 9

(22)

where
415
415 
415
415 
K1 j3 Aref 1 ref = a1 Aref 3 ref


415
415
· G2 j3 ref 1m4k5 · G1 j3 ref 1m4k5
425
425 
425
425 
K2 j3 Aref 1 ref = a2 Aref 3 ref


425 
415
415
· G2 j3 ref · G1 j3 ref 1m4k5 · G1 j3 ref 1m4i5
435
435 
435
435 
K3 j3 Aref 1 ref = a3 Aref 3 ref


435 
415
415
· G2 j3 ref · G1 j3 ref 1m4k5 · G1 j3 ref 1m4i5

415
· G1 j3 ref 1m4l5

(23)

(24)

(25)

with G1 4j5 and G2 4j5 corresponding to the Fourier transform of
the impulse response functions g1 4t5, g2 4t5.

Fig. 11 The same as Fig. 10 but for a monochromatic wave
excitation of frequency f2 = 002 Hz and amplitude A2 = 0050 m
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Case I: ũ = ũ1 4002 Hz1 10754m55 + ũ2 4006 Hz1 00754m55

Fig. 14 Decomposition for a typical wave spectrum case

Fig. 12 The same as Fig. 10 but for a bichromatic wave excitation;
NRAO (circles), DNS (solid)
Case II: ũ = ũ1 4001 Hz1 1054m55 + ũ2 4006 Hz1 0054m55

Fig. 15 Comparison for the response spectrum corresponding to
the irregular seas spectrum with HS = 104 m and fp = 0019 Hz

Fig. 13 The same as Fig. 12 but for different harmonic components
observe how the solution behaves for a superposition of linear modes
with frequencies close, or not, to each other. Furthermore, their
amplitudes also vary from case to case for reasons of illustration and
in order to observe the accuracy and sensitivity of the solution with
respect to the generation of different higher-order cross terms (CT).
Multichromatic Excitations
For the case of multichromatic seas, two different options with
respect to the decomposition of the overall wave elevation are
proposed.
In the first case, one may decompose the wave elevation time
series by means of band pass, zero phase lag filtering into a number
of linear oscillatory modes. Then, with the aid of Eq. 19 or 20, one
may compute the response in the time domain. Otherwise, one
may segment the wave spectrum into a small or large number of
frequency strips, as shown in Fig. 14, and determine, based on wave
statistics, the corresponding energy (amplitude) and frequency per
strip; consequently one may define a linear oscillating mode with
these characteristics and a random phase n , uniformly distributed
over the range 6−1 7. Acting in a similar manner for the rest
of the spectrum strips and with the aid of Eqs. 22–25, one may
determine the total response spectrum in a robust manner.
For this frequency domain approach, a wide band spectrum
with spectral width  = 0071, HS = 104 m, and fp = 0019 Hz is set
for the representation of incoming irregular seas that act as an
excitation to the dynamical system described in Eqs. 4 and 5. In

Fig. 15, the proposed method is compared against the DNS and the
corresponding linear solution.
As an alternative, we may proceed by decomposing the wave
elevation time series into a number of nonlinear modes by means
of a time-frequency transform such as the wavelet or the Hilbert–
Huang transform and then make use of an NRAO similar to that of
Eq. 20 (Gkikas, 2014b).
In general, favorable agreement is observed for all excitation
cases, whether the simulation is performed in the time or frequency
domain. It is outlined that the functional form of the proposed
nonlinear operator is kept in a very compact form for all cases, while
extension for even higher-order nonlinearities can be conducted
without any significant computational burden. It is also noted
that such numerical tools are quite important for Monte Carlo
simulations where a very large number of numerical experiments
needs to be efficiently performed. Other typical applications where
the proposed NRAO can be applied are ship roll motions, nonlinear
vibrations, and wave loads, as well as for the numerical investigation
of complex hydromechanical systems, e.g., wave energy converters
(WECs).
Computational Efficiency and Higher-Dimension Systems
The computational efficiency of the proposed method is based
on the ability of separable-kernel polynomial systems to adequately
approximate all continuous-time dynamic systems. Thus, an N dimensional kernel can be derived by an N -product of linear
kernels, in this case with the aid of a static polynomial. As long
as we are able to estimate these linear kernels appropriately, the
estimation of any N -dimensional kernel is feasible.
Another major feature of this approximation method is that the
identification takes place in the frequency domain and it addresses
the estimation of linear kernels and static coefficients only on
harmonic inputs. Because the solution is already in explicit analytic
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form, the existence of the appropriate modes, as well as their
interactions that are expected to appear at the final solution, are
being carefully addressed, initially by establishing a functional
dependence between coefficients that correspond to either odd
or even order terms (see Eqs. 11–13) and then by appropriately
implementing these dependencies in the resulting Volterra series.
The identification algorithm (Gkikas and Athanassoulis, 2014)
ensures convergence after a couple of iterations and for all harmonic
input cases. Thus, all linear kernels and coefficients of the W–H
system are computed almost instantaneously (tidentification < 1 s).
Thus, the multidimensional kernels, which are already appropriately
conditioned by the oscillatory properties of the linear modes
composing the input, are also synthesized in the same amount of
time even if the dimension is no longer low-order. Consequently,
the response can be easily computed in the frequency domain in
extremely small computational times (less than a couple of seconds
on a normal desktop PC). In doing purely time domain calculations,
where convolution is required between the kernels and the input,
the times are only proportional to the kernels’ impulse response
samples and to the duration of the input.
To simply illustrate the difference between this method and the
standard identification practice of higher-order kernel estimation,
one may state that in the case of having a Volterra kernel described
by m samples, the corresponding second- and third-order kernels
would need m2 and m3 samples to be adequately described. For
even higher-order kernels, the number of samples would definitely
become excessive. In the proposed method, the number of samples
for the second-, third-, or even higher-order Volterra kernels is
constant and equal to 2 × m× the nodes of the amplitude–frequency
lattice, which still yields a very small number. Thus, the extension
of this method to higher-order problems could potentially further
illustrate its merits and abilities.

CONCLUSIONS
In this work, we propose a novel nonlinear response amplitude
operator (NRAO) developed for a wide class of nonlinear marine
applications and dynamical systems. The derivation of the NRAO
is based on a robust system identification process, and it can be
considered an extension of the typical linear RAO often used in
everyday maritime practice.
The conceptual and fundamental background is presented, while
the derivation of the resulting functional in both the frequency and
time domains is made in a compact manner for reasons of space.
The systemic equivalent of this operator is essentially an enhanced
Wiener–Hammerstein (W–H) cascade, while the functional that
corresponds to this is of the Volterra series type with separable
kernels. In addition, we test the proposed NRAO for the case
of the dynamic pressure inside the chamber of an OWC under
monochromatic, bichromatic, and general nonlinear sea wave
excitation. Despite the fact that the inherent nonlinearities of this
system depend strongly on the variation of amplitude and frequency
and may also exhibit quite irregular nonlinear patterns, the proposed
NRAO manages to reproduce each response in a very accurate
and computationally efficient way in both the frequency and time
domains.
An extension of this operator for even higher-order nonlinear
systems is also feasible, while the identification process, according
to which we make an estimate of the frequency response functions
of each filter and the coefficients of the static polynomial, is
based solely on harmonic excitations and can be characterized as
reasonably straightforward and suitable for standard engineering
practice.
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