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Wave Energy Absorption in Irregular Waves by a Floating Body Equipped with
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Department of Naval Architecture and Ocean Engineering, Osaka University, Osaka, Japan
To realize a wave-power absorption apparatus in actual seas, we should consider the absorption efficiency of wave power in
irregular waves and how it can be enhanced. For that purpose, first a theoretical study is made on how the maximum
wave-energy absorption can be achieved in irregular waves by using the Fourier transform from the results in the frequency
domain, and taking account of the causality relations. It is shown that, if the maximum conditions are satisfied in the time
domain, we can improve the wave-power absorption efficiency in irregular waves. Then based on the results of theoretical
study, numerical computations are performed for a floating body, inside which an electric-power generator is supposed to
rotate without sliding along the interior circular surface of a symmetric floating body. However, since the maximum conditions
in the time domain do not satisfy causality in the present study, we need to resolve this problem for further improvement.

INTRODUCTION
Recently much attention has been focused on the utilization of
marine renewable energies. Since the amount of resources for wave
energy is enormous, ocean-wave energy will play an important role
in the future strategy for electric power supply. A number of papers
on the theoretical and experimental studies of various kinds of wavepower generators have been presented over the years. The efficiency
of wave-power absorption, in general, achieves high value in a
limited range of wave frequencies. However, the waves in actual
seas are irregular waves, including various frequency components.
Thus, in order to obtain a higher absorption efficiency of wave
power in actual seas, wave-power generators should be adjusted to
be active in a wide range of wave frequencies. Various devices
that can realize this objective have been studied so far by many
researchers. We also aim to develop a system that can absorb the
wave energy efficiently over a wide spectrum of wave frequencies.
A rotating, pendulum-type wave-power generator in a regular
wave was already studied by Kashiwagi et al. (2012, 2013) to
increase the absorbing wave-energy efficiency over a wide range of
wave frequencies, and the conditions for maximizing the absorption
efficiency were obtained. In the proposed model, the interior surface
of a floating body is of a circular cylinder with a larger radius,
and a smaller circular cylinder is assumed to rotate on the interior
circular surface without sliding. An electric-power generator is
set at the center of the smaller circular cylinder. Both the floating
body and the smaller circular cylinder inside rotate due to wave
actions and cross-coupling effects, and the smaller circular cylinder
generates the electric power when the relative rotational motion
becomes large.
To realize the rotating, pendulum-type wave-power generator
in actual seas, we need to consider the absorption efficiency
in irregular waves and how it can be enhanced. In order to
understand the behavior of the apparatus in irregular waves, it is
necessary to calculate the efficiency of wave-power absorption
by the electric-power generator in the time domain. Study on
wave-energy absorption in irregular waves has been done by some
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researchers, e.g., Naito and Nakamura (1986). However, the power
take-off systems studied so far are different from that considered in
our study.
In the present paper, after presenting the coupled-motion equations for the floating body and smaller circular cylinder in the
time domain with memory effects in hydrodynamic forces taken
into account, we compute the wave-power absorption efficiency
by an electric-power generator for irregular waves. Moreover, to
improve the absorption efficiency in irregular waves, we use the
conditions for maximizing the absorption efficiency obtained for
regular waves. Namely, the maximum conditions obtained in the
frequency domain are Fourier-transformed and converted into an
expression in the time domain, and then the wave-power absorption
efficiency under this controlled situation is computed.

THEORY
Outline of Wave-Power Generator and Assumption
The cross-section of a rotating, pendulum-type wave-power
generator is shown in Fig. 1, where the problem is treated as twodimensional. We consider a floating body whose interior surface
is of a circular cylinder with radius R, and a smaller circular
cylinder with radius r, which rotates on the interior circular surface
of the floating body without sliding. By installing an electricpower generator inside the smaller cylinder with their centers set
as coincident, the electric-power generator can be actuated by
the rotational motion of the smaller circular cylinder. In order to
evaluate the rotational motion of the electric-power generator, we
need to consider coupled-motion equations between the floating
body and the smaller circular cylinder rotating inside.
As shown in Fig. 1, the origin of the coordinate system is taken
at the center of the floating body and on the undisturbed free
surface. The roll angle of the floating body is denoted as  (which
is positive in the clockwise direction), and the swing angle of the
center of the smaller circular cylinder measured from a spacefixed vertical line is denoted as  (which is defined as positive in
the counter-clockwise direction). With the friction force from the
interior circular surface to the smaller circular cylinder denoted
as F , the same friction force in magnitude but opposite in sign
works from the smaller circular cylinder to the floating body on
the interior circular surface. By introducing this internal friction
force, we can consider the roll motion of the floating body and the
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inside the floating body. H4+ is related to the complex amplitude
of the wave propagating to the positive x-axis generated by roll
motion. In the analysis to follow, the damping coefficient of the
electric-power generator is expressed with proportional coefficient
 to B44 , where  is a real number, namely:
N

R2
≡ B44 = R4  h
r2

(5)

where  H4+ 2 is expressed as h for brevity.
By solving the coupled-motion Eqs. 1 and 2, the complex motion
amplitude can be obtained as follows:

Fig. 1 Coordinate system and notations
rotational motion of the smaller circular cylinder separately. Since
the floating body is assumed to be symmetric in the weather and
lee sides, the heave motion can be analyzed separately in the linear
theory. For the sake of brevity, the sway motion is not considered
in the analysis, but fundamental features to be elucidated in this
paper may not be largely changed by the effect of sway.

ê
H4+ S 2 + ih
=
Ka 4KR52
ã

(6)

R−r ä
H4+ Q2 − ih
=
R Ka 4KR52
ã

(7)

where K = 2 /g is the wavenumber, and the denominator ã is
given by:
n
o
ã = P 2 S 2 − Q4 −  h2 + i h  4P 2 + S 2 + 2Q2 5 + S 2

(8)

Frequency Domain Model
Let us first consider the case of regular waves with circular
frequency , and summarize the results of the previous study by
Kashiwagi et al. (2012). The coupled-motion equations for the roll
motion of the floating body 4t5 and the swing motion of the inner
smaller circular cylinder 4t5 are linearized, and those motions are
assumed to be time-harmonic with the same circular frequency .
Then the linearized motion equations for their complex amplitudes
ê and ä, with time-dependent term expressed as exp4it5, can be
written as:






R2
R2
−2 I0 + A44 + 2 IC + i B44 + N 2 + Mg GM ê
r
r



R4R
−
r5
+ −2 IC + iN
ä = E4
(1)
r2


−2 IC + iN ê




r2
R−r
+ −2 IC + mr 2 + iN
+ mg
ä=0
(2)
R
R
where I0 denotes the moment of inertia of a floating body; A44 is
the added moment of inertia resulting from ambient fluid; B44 is
the damping coefficient due to wave-making (the viscous damping
should be included in reality, but that component is neglected in
the analysis below); M is the mass of the floating body; m is the
mass of the smaller circular cylinder; IC is the moment of inertia
of the smaller cylinder; g is the acceleration due to gravity; GM is
the metacentric height; E4 is the complex amplitude part of the
wave-exciting roll moment by an incident wave.
By using the energy conservation and the Haskind relation, the
roll damping coefficient B44 and the wave-exciting roll moment E4
can be written in terms of the Kochin function in the radiation
problem H4+ as follows:
B44 = R4 H4+
E4 = ga R2 H4+

2

and nondimensional symbols P 2 , Q2 , and S 2 are defined as follows:


Mg GM − 2 IA ≡ 2 R4 P 2




2
2 2 2 2
 IC ≡  R r Q
(9)



r2

− 2 I ≡ 2 R2 r 2 S 2 
mg
R−r
with IA and I defined as:
IA = I0 + A44 + IC

R2
1 I = IC + m r 2
r2

(10)

The performance of the electric-power generator can be decided by
changing the value of . In the frequency domain, the mean power
absorbed by the electric-power generator is denoted as follows:
PE =

1Z T
1 R2
R−r
N ˙ 2 dt = N 2 2 ê +
ä
T 0
2 r
R

2

(11)

where  is the rotational angle of the smaller circular cylinder, which
is computed from the nonslip condition given by 4R − r5 ˙ − r ˙ =
˙ The power of incident regular wave per unit length is given
−R .
by:
g 2 a2
4

PW =

(12)

Thus, from Eqs. 11 and 12, the wave-power absorption efficiency
can be obtained in the following form:
≡

PE
2  h2 b 2
=
PW
 ã 2

(13)

where
(3)
(4)

ã2 = de − h2
a ≡ P 2 + Q2 1

where  is the density of the fluid, and a is the amplitude of the
incident wave. The representative length for nondimensional values
is taken as R, which is the radius of the interior circular surface

2

+ h2 4c + d52

b ≡ S 2 + Q2

c ≡ a + b = P 2 + S 2 + 2Q2 1
2

4

2

e ≡ P − Q /S 1

q≡Q

2

d ≡ S2

(14)






(15)
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The conditions for maximizing the wave-power absorption efficiency
can be obtained by differentiating  of Eq. 13 with respect to , or
by considering the anti-symmetric component of the transmitted
and reflected waves and making it equal to zero. The results are
written as follows:
ec + h2 = 01

=

d
>0
c

(16)

Time Domain Model
In the time domain, waves are no longer assumed to be regular.
The time-domain counterparts of Eqs. 1 and 2 may be written as
follows:


Z t
R2 ¨
R2 ˙
˙ −5d
I0 +A44 45+IC 2 4t5+
N 4t5+ L45 4t
2
r
r
0
o
R4R−r5 n ¨
˙
+Mg GM 4t5+
= M4 4t5
(17)
IC 4t5+N 4t5
2
r
o
R−r n ¨
r2
¨
˙
˙
IC 4t5+N
4t5+
I 4t5+N 4t5
+mg 4t5 = 0
(18)
R
R
where L4t5 denotes the memory-effect function; this can be obtained
through the Fourier transform of the added-mass and damping
coefficients A44 45 and B44 45 as follows:
2 Z 
B44 45 cos t d
 0
2 Z  
L4t5 = 2Lo 4t5 = −
 A44 45 − A44 45 sin t d
 0

L4t5 = 2Le 4t5 =

(25)

The mean absorbed power during one period T is given by:
PE =

1Z T
˙ dt
D4t5 4t5
T 0

(26)

where D4t5 denotes the drag force acting on the energy-absorbing
part of the inner circular cylinder, which can be computed as:
D4t5 =

t

Z

˙ − 5 d
n45 4t

(27)

0

On the other hand, the power of incident irregular wave per unit
length is given by:

(20)



Z
0

cg S45 d

(28)

where cg is the group velocity, and S45 is the wave spectrum of
the irregular wave. In the case of infinite water depth, Eq. 28 can
be written as:
PW =

g 2 Z  S45
d
2 0


(29)

Therefore, the wave-power absorption efficiency can be computed
from the following:
(21)

Calculation of Absorption Efficiency in Time Domain
In the frequency domain, the damping coefficient of an electric
generator is denoted as:
(22)

where  is a constant value to be obtained from the analysis in the
frequency domain. If we assume that the value of  is still constant
in the time domain, the damping coefficient of the electric-power
generator (smaller circular cylinder), N 45, in the time domain
may be given through the inverse Fourier transform as follows:
n4t5 = F −1 6N 457
r2 1 Z 
r2
= 2

B44 45eit d = 2 Le 4t5
R 2 −
R

(24)
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(19)

where Le 4t5 and Lo 4t5 denote the even and odd function parts of
L4t5, respectively, and Eqs. 19 and 20 must be equal by virtue
of causality relation. The time-averaged mean value of absorbed
power during one period T is given by:
1 Z T ˙2
N  4t5 dt
T 0

2
1Z T
R ˙
R−r ˙
=
N
4t5 +
4t5 dt
T 0
r
r

given by:

(23)

By using n4t5 obtained this way, the coupled-motion equations
with frequency dependency in N 45 taken into consideration are

1Z T
˙ dt
D4t5 4t5
P
 ≡ E = T 20 Z 
PW
g
S45
d
2 0


(30)

Here we note that coefficient  in Eq. 23 is treated as constant and
equal to the value satisfying Eq. 16 determined in the frequencydomain study. To maximize the wave-power absorption efficiency
in irregular waves, coefficient  in Eq. 23 must also be optimized
depending on the wave frequency. In this case, however, the
causality relation is probably violated, and hence  or n4t5 itself
should be modified in a practical way.

RESULTS OF NUMERICAL COMPUTATIONS
For the Case of Regular Waves
Numerical computations have been performed for a rectangular
floating body, as shown in Fig. 1, with an inscribed circle of
radius R. The hydrodynamic forces were computed numerically by
the free-surface Green function method (boundary constant-panel
method) based on the potential-flow theory.
Computed results are shown in Fig. 2 for the added moment of
inertia A44 , the wave damping coefficient B44 , and the amplitude
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Fig. 2 Hydrodynamic forces in the roll motion of a rectangular
floating body

Fig. 5 Memory-effect function in the roll motion of a rectangular
floating body

Fig. 6 Wave spectrum used for irregular waves
Fig. 3 Amplitudes of the roll motion of a floating body and the
swing motion of an inner circular cylinder

Fig. 4 Wave-energy absorption efficiency

of the wave-exciting roll moment E4 ; these are given in nondimensional forms. The abscissa is the nondimensional wavenumber
KR = 2 R/g.
For computing the coupled motions of the floating body and the
inner circular cylinder rotating along the interior circular surface
without sliding, the values of coefficients related to the inertia
and restoring moments should be given. The mass ratio between
the floating body M and the smaller circular cylinder m inside is
taken as M/m = 400. The values of gyrational radius , metacentric
height GM, and radius of the inner circular cylinder r are taken
as  = 005, GM = 002, and r = 001, respectively; these are given
nondimensionally in terms of R. Then the moment of inertia of
the floating body is given as I0 = M2 , and the moment of inertia
of the smaller circular cylinder is given with the assumption of
constant density by IC = 21 m r 2 . Coefficient , defined in Eq. 5
for the damping coefficient of the electric-power generator, is
set as  = 2035. This value of  = 2035 is determined from the
maximum condition for the wave-power absorption efficiency.
Computed results are shown in Fig. 3 for the nondimensional
motion amplitudes, ê/Ka and ä/Ka , and in Fig. 4 for the
wave-energy absorption efficiency,  = PE /PW .
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Fig. 7 Time histories of motion of the floating body and inner circular cylinder without control

Fig. 8 Time histories of motion of the floating body and inner circular cylinder with control

For the Case of Irregular Waves
The memory-effect function, computed from Eq. 19 by using
B44 in the frequency domain, is shown in Fig. 5. The numerical
calculation methods for the memory-effect function and for performing the convolution integral are essentially the same as those
adopted in the study on VLFS by Kashiwagi (2000). In order
to compute coupled-motion equations of the floating body and
the inner circular cylinder in the time domain, given by Eqs. 17
and 18 for the case of no control and by Eqs. 24 and 25 for the
case of control, the 4th-order Runge-Kutta method is adopted.
For numerical simulations in irregular waves, the incident-wave
train is obtained in terms of the wave spectrum shown in Fig. 6,
whose significant wave height nondimensionalized with R is 1.0
and nondimensional mean wave frequency m = 005.
Figures 7 and 8 show the time histories of the motions of the
floating body and inner circular cylinder for the case with no control
(Fig. 7) and the case controlling the damping-force coefficient of the
inner circular cylinder (Fig. 8). In the calculation of motions without
control, the damping-force coefficient of the inner circular cylinder
is assumed to be constant and given by Eq. 22, with  = 2035 and
B44 = 00167. In the calculation of motions with control, we use the

Fig. 9 Relation between mean wave frequency and wave-power
absorption efficiency
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time-domain representation for the damping of the inner circular
cylinder, as expressed by Eq. 23. Comparing Fig. 7 and Fig. 8, we
can see that the relative motion between the floating body and the
inner circular cylinder is larger in Fig. 8 (with control).
Computed results for the wave-power absorption efficiency in
irregular waves are shown in Fig. 9, from which we can see that the
wave-power absorption efficiency in the case with control is higher
than that in the case with no control. However, the absorption
efficiencies at the mean wave frequency of m = 008∼100 are
almost the same. This is because, in this frequency range, there is
not much difference in the damping coefficient B44 45 between the
cases with no control and with control. Namely, the constant value
taken in the present computations for the case with no control is
B44 = 00167, which is almost the same as the exact value in the
frequency range of m = 008∼100, as seen in Fig. 2.
In the case with control, the drag-force coefficient n 4t5 of the
inner circular cylinder is computed with Eq. 23, and the value
of  = 2035 is optimized around KR = 006, as shown in Fig. 4.
We can also see in Fig. 4 that the absorption efficiency with this
value of  is relatively
high
√
√ in the range of KR = 003∼0065, which
is equal to m R/g = KR ' 0055∼008; this range corresponds
to that observed in Fig. 9. Thus, we may conclude that n 4t5, as
expressed by Eq. 23, provides better results in the range of mean
wave frequency where the corresponding frequency-domain result
of the wave-power absorption efficiency is also better.

CONCLUSIONS
In our previous study, the wave-energy absorption by the rotating,
pendulum-type electric-power generator installed inside a floating
body was studied for regular waves and for the case of a single
mode of roll motion. Then the conditions for maximizing the
efficiency of wave-power absorption were obtained analytically.
In the present study, the wave-power absorption efficiency for
the same apparatus in irregular waves was computed by solving the
coupled-motion equations between the floating body and inner
rotating circular cylinder in the time domain by using the RungeKutta method, and then numerically evaluating the absorption
efficiency. The memory (free-surface) effects in the added-mass
and damping coefficients for a floating body were taken into
account in a form of convolution integral in terms of the memory-

effect function. The drag force of an electric-power generator was
modeled by using the damping-force coefficient of an inner circular
cylinder, inside which the electric-power generator is supposed
to be installed. As in the analysis in the frequency domain, that
coefficient was assumed to be proportional to the floating-body
damping coefficient, and its multiplicative factor  was set as equal
to the value determined from the condition for maximizing the
absorption efficiency obtained in the frequency-domain study.
It was shown that the wave-power absorption efficiency in
irregular waves can be increased by the present method using
the convolution integral for the damping coefficient of the inner
circular cylinder, which partially takes into account the frequency
dependency on the optimum value for the drag force of an electricpower generator. However, in the present study, the multiplicative
factor  was assumed to be constant, which is not correct for the
conditions for maximizing the absorption efficiency in irregular
waves. In fact, the computed value for the absorption efficiency in
irregular waves was found to be lower than that in regular waves.
Improvement in this regard is a goal for further study in the near
future.
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