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A Well-balanced Shallow Flow Solver for Coastal Simulations
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Run-up, characterized by a moving shoreline over an irregular sloping bed, is an important coastal process that should be
accurately simulated to provide guidelines for coastal designs. This paper presents and tests a finite-volume Godunov-type
shallow flow model for simulating coastal run-ups and other processes. A well-balanced numerical scheme is constructed for
applications involving a moving shoreline. The model is validated against several benchmark tests. Results are compared
with analytical solutions and experimental measurements, and close agreement is achieved for all of the cases. This indicates
the potential of the model in practical simulations of wave run-up and other coastal hydrodynamics.

INTRODUCTION

Wave run-up over a sloping beach is an extremely complex
process involving wave shoaling, reflection, refraction, wetting
and drying, etc. Because run-up may cause overtopping or fail-
ure of coastal defenses and lead to severe coastal flooding, it is
important, despite its complexity, to accurately simulate wave run-
up and the associated processes so as to provide guidelines for
designing coastal structures and managing flood risk. It is widely
recognized that a properly built numerical model solving the shal-
low water equations can reproduce a wide range of hydrodynamic
processes in coastal areas, including run-up, swash motions, over-
topping, etc. (e.g. Dodd, 1998; Hu et al., 2000; Archetti and
Brocchini, 2002; Hubbard and Dodd, 2002). Brocchini and Dodd
(2008) provided a useful review.

In shallow flow modeling, a challenge is to develop a numer-
ical approach that preserves the motionless water surface at a
lake with uneven bed topography. Such a numerical scheme is
classified as well-balanced (Greenberg and LeRoux, 1996); being
well-balanced is extremely important when a model is applied to
coastal simulations as the domain geometries and topographies
are normally very complex. Substantial research has been under-
taken and a number of well-balanced shallow flow models has
been reported (e.g. Bermúdez and Vázquez, 1994; Greenberg and
LeRoux, 1996; LeVeque, 1998; Vázquez-Cendón, 1999; Hubbard
and García-Navarro, 2000; García-Navarro and Vázquez-Cendón,
2000; Zhou et al., 2001; Rogers et al., 2003; Audusse et al., 2004;
Marche et al., 2007; Liang and Borthwick, 2009). However, there
is still a space for further research, especially for applications
involving wetting and drying over complex bed topographies.

This work presents an alternative well-balanced model for
robust simulation of run-ups or other coastal hydrodynamic
problems. The model solves a set of prebalanced shallow
water equations (Liang and Borthwick, 2009) using an overall
explicit finite-volume Godunov-type scheme incorporated with
an HLL approximate Riemann solver for flux computations. For
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applications involving wetting and drying, a nonnegative approach
is used to reconstruct the face values of the flow variables for
defining the local Riemann problems, and a simple local bed mod-
ification method is implemented to preserve the well-balanced
property. The frictional source term is discretized using a split-
ting implicit scheme. An absorbing transmissive boundary method
is also implemented to facilitate coastal simulations. After being
validated against several analytical cases, the model is applied to
reproduce the experimental case of a solitary wave run-up inves-
tigated by Synolakis (1987). Close agreement is achieved when
comparing the numerical predictions with the analytical or exper-
imental data, which indicates the potential of the model in prac-
tical simulations of coastal hydrodynamics.

GOVERNING EQUATIONS

The 2D shallow water equations (SWE) may be derived by
depth-integrating the 3D Reynolds averaged Navier-Stokes equa-
tions, based on the assumption of negligible vertical acceleration
and thus hydrostatic pressure distribution. The dimensionality of
the 2D SWE can be reduced further to 1D if the flow is homoge-
neous in one of the horizontal dimension:
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where t represents time; x is the distance along the 1D space; and
the vectors q, f and S contain the conserved flow variables, fluxes
and source terms, respectively. The vectors may be written as:
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Here � denotes the water surface elevation above datum; u is
depth-averaged velocity; g, the gravitation acceleration; zb , the
bottom elevation above datum; h = � − zb represents the water
depth; and Cf is the bed roughness coefficient evaluated by Cf =
gn2/h1/3 with n being the Manning coefficient.

Adopting surface elevation instead of water depth as a flow
variable, the above SWE 1 and 2 are derived to balance the
flux and source term gradients by considering pressure force bal-
ancing. They have identical eigenstructure and other properties




