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ABSTRACT

The 2nd order difference frequency forces on Spar platforms are evaluated analytically and numerically using various
nonlinear hydrodynamic force models. The models studied are the full time domain Morison equation (ME), a 2nd order
Morison equation (ME2), the 2nd order diffraction-radiation theory (�2 theory) and the �2 theory assuming very slender
structural dimensions (slender �2 theory). The purpose is to show the effect of different nonlinear forces on the dynamic
response of Spars, and to illustrate their basic differences. The use of Morison’s equation as the slender-body approximation
of �2 theory is also shown to be inappropriate in this context.

INTRODUCTION

Flexible offshore structures such as Spars are designed to have
natural periods of vibration much larger than the dominant wave
periods, so that there are hardly any linear (1st order) forces at
the natural frequencies. The response to the wave-excitation force
is largely inertial and often smaller than that induced by the non-
linear interaction of waves. Plus, the linear response can be well
predicted by linear wave theory (LWT) or any approximate non-
linear extension of it. Thus, much of the work on the dynamic
response of Spars has been focused on estimating the nonlinear
forces and responses.

For slender bodies with D/L (diameter/wavelength) ratio less
than 0.20, the empirical Morison equation (Morison et al., 1950)
is often used to calculate hydrodynamic forces. The effects
of diffraction and radiation are considered insignificant in the
so-called slender-body approximation of hydrodynamic forces.
Although the time domain dynamic analysis using Morison’s
equation implicitly includes higher-order nonlinearities, a 2nd

order formulation only requires wave-forces up to the 2nd order
using perturbation theory. For Spars, the most important nonlin-
ear effects are the 2nd order difference frequency forces. These
are forces that act at the difference of frequencies of 2 interacting
waves.

Another common approach to wave-force calculation is the
diffraction-radiation theory (MacCamy and Fuchs, 1954), often
referred to as the diffraction theory. Because diffraction theory is
developed using perturbation techniques, the forces are calculated
up to a certain order. Its 2nd order difference frequency formula-
tion is called �2 theory here. In the diffraction-radiation theory,
the fluid is considered inviscid, which excludes any drag term
from the force equation. On the other hand, it accounts for diffrac-
tion (due to the width of the body) and radiation effects (caused
by the structural motions).
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In this work, the difference frequency forces calculated by
Morison’s equation, the diffraction theory and its slender-body
counterpart are compared theoretically and numerically. Previous
works with 2nd order formulation (e.g., Ran et al., 1996; Weggel
and Roesset, 1996; Jha et al., 1997) had indicated the 2nd order
difference frequency to be an adequate truncation point for forces
on Spars. Also, for typical H/D (wave-height/diameter) ratios for
Spars, the inertia force is by far the dominant force. For inertia
force using both the slender-body approximation and diffraction
theory, the 2nd order effects considered in this study include the
difference frequency forces caused by the temporal acceleration
due to 2nd order potential, the convective acceleration terms, axial
divergence, structural displacements and free-surface fluctuation.

The nonlinear forces associated with Morison’s equation have
been studied numerically (e.g., by Niedzwecki et al., 1995) and
compared numerically with results using diffraction theory (Kim
and Chen, 1994). This paper highlights the conclusions of analyt-
ical studies and compares Morison’s equation and the 2nd order
diffraction theory (�2 theory) in detail for equivalent nonlinear
effects of inertial force.

WAVE FORCES FROM MORISON’S EQUATION

Morison’s Equation (ME)

For deep-draft slender structures such as Spars, typical val-
ues of the diffraction parameter kR (near the dominant wave fre-
quency) are small (0.2∼0.4). Thus, Morison’s equation is often
considered a valid alternative for the calculation of hydrodynamic
force, and it has been used in previous studies. The complete time
domain formulation of Morison’s equation is the first approach
followed in this work.

According to the modified Morison equation, the horizontal
wave-force (dFx) and moment about the Spar-bottom (dMy0) on
a differential vertical segment dz are (after adjustments for struc-
tural acceleration):

dFx =
[
KIax+KD�ur �ur +Kmur

�w

�z

]
dz and dMy0 = zdFx (1)

where KI = �CIA, KD = �CDR, Km = �CmA, [�=water density,
CI = inertia coefficient, CD = drag coefficient, Cm = CI −1, A=




