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ABSTRACT

It is demonstrated how information about the undisturbed wave at all frequencies of interest can be retrieved by con
strained deconvolution of the outputs of several sensors with different known linear response characteristics, placed on or
around a floating structure. A model of the sea state which retains information about the amplitude, phase and direction
can then be used to calculate the resulting non-linear drift forces by means of known quadratic transfer functions.

It is shown how, with certain limitations, the wave and drift force calculation can be implemented in real time using fre
quency domain techniques. The resulting force time history could be used as feed forward information by the controller of a
dynamic positioning system, to improve performance and efficiency. This could be further enhanced by applying linear pre
diction techniques (e.g. an autoregressive model) to the force time history.

INTRODUCTION

The dynamic position control problem arises because wave fre
quency forces are too large to be counteracted, and varying the de
manded thrust at these frequencies would cause needless wear and
tear on the thrusters. Simple low pass filtering would introduce a
lag that would tend to degrade the performance of the system. The
most widely used technique to overcome this is Kalman filtering,
which was presented in the context of dynamic positioning by
Balchen, Jensen and Saelid (1976). The method uses a state space
model of the first order dynamics of the vessel to separate out the
second order responses and predict them for one or more steps
ahead.

What is more desirable, however, is to estimate the instanta

neous forcing, so that the appropriate preventative action can be
taken before the vessel starts moving off station. Some systems al
ready include wind and current feed forward information. The

concept of wave feed forward was originally proposed by Pinkster
(1978), who demonstrated the effectiveness of using probes
around the vessel to estimate the integral of the relative wave

height around the waterline. He showed that this related to one
component of the mean drift force and it was used successfully to

improve position keeping.
The aim of this work is to extend the idea so that all compo

nents of the drift force can be included, and to leave open the pos
sibility of taking into account the effects of wave directionality.

The procedure falls into three distinct stages: Reconstructing the
incident wave from measurements made on board the vessel, esti

mating the drift force using the full quadratic transfer function,
and finally predicting the force itself into the near future to maxi
mize the value of the control information. All three stages need to

be carried out simultaneously and in real time.
Reconstruction of the incident wave from onboard measure

ments can generally be classed as inverse filtering or deconvolu-
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tion, and the associated problems relate primarily to the loss of in
formation at frequencies where the vessel does not respond; the
unscrambling of the diffracted and radiated waves if wave height

measurements are to be used; and the implementation in real time.
As described in the subsection on Inverse Filtering under the The

ory section, these have been overcome by using constrained fre
quency domain deconvolution on a set of sensors with different
response characteristics which cover the full spectrum of wave en
ergy. These characteristics are specified by means of frequency
domain transfer functions, which can be fully determined by
diffraction analysis. As well as vessel responses, the total wave el
evation (including scattered and radiated waves) at any point
around the vessel can be evaluated for any incident wave direction
(Eatock Taylor and Sincock, 1989). Due attention has been given

to coping with the effects of using finite length data samples and
non-causality of the inverse filter. The formulation provides for
the design of a set of stable frequency or time domain filters, the
outputs of which can be summed to give a full estimate of the in
cident wave.

By using a weighted sum of several sensor outputs which are

spatially separated or sensitive to wave direction, it is possible to
identify the predominant wave direction. Although not presented
here, the formulation can also be extended to reconstruct waves

from different directions, by conventional or adaptive beamform
ing techniques (Knoop, 1990).

Having developed the means of measuring the incident wave, it

is then possible to calculate the drift force using quadratic transfer
functions. The theoretical approach is briefly described in the sub
section on Calculation of Drift Forces under the Theory section,
whilst the Real Time Implementation section examines the impli
cations of using it in real time, and ways of establishing the range
of time from the past up to "time now" over which the estimate of
the drift force would be valid. The quadratic transfer function may
be smoothed to extend this range, but at the expense of reduced
frequency resolution. In the limit, if the quadratic transfer function

is entirely flat (independent of frequency), the bifrequency calcu
lation reduces to a squaring process which operates only on the
current input sample. In many applications, the filtered square of
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where {H (m)} is the vector of transfer functions that relate the in

cident wave to each of the respective responses to be considered.
In the frequency domain, the new estimate of the constrained

input could be given by:

This can be overcome by imposing a constraint on the input to
be estimated, that is to assume that the signal only contains fre
quencies at which the transfer function is non-zero (or greater than
a threshold c).

The constraint is an operator such that, for the frequencies of
interest the constrained signal is equal to the original, but outside
this range the constrained signal x' (m) is set to zero:

Thus, with one response measurement, it is only possible to re
construct the constrained input, rather than any possible input.
However, if several different outputs to the same input are avail
able, each with its own frequency response characteristics, it is
possible to combine them to build up the complete signal. In the
text the m x 1 vector of outputs or responses will be referred to as
{Y (m)}. The symbol - will be used to denote a matrix in the equa
tions. Hence:

the wave amplitude may be sufficient. The scale factor or mean
drift operator could then be chosen to suit the frequency content
of the incident wave. Using the same programs, it is therefore pos
sible to vary the level of sophistication of the drift force calcula
tion to suit the accuracy with which the transfer functions can be
determined.

The final stage is then to take the most recent reliable estimate
of the drift force which is available and try to predict its variation
up to the present, and hopefully some time into the future as well.

The theory involves fitting an autoregressive model to all the pre
vious estimates of the drift force time history. Once a given set of
linear prediction coefficients has been established by autocorrela
tion matching techniques (Kay and Marple, 1981), it can continue

to be used at subsequent steps to rapidly update the prediction on
the basis of the latest estimates. The term linear prediction relates
to the linear combination of previous samples and is substantially
more powerful than simple linear extrapolation, with wide appli
cations in Geophysics and Speech Synthesis (Makhoul, 1975).
The time consuming task of fitting the model parameters need
only be carried out at appropriate intervals as the sea state
changes. Details are given by Mitchell et al. (1989). Some results

of applying this technique are described in the Results section.
These include both experimental data and simulations, which indi

cate the feasibility of the suggested approach.

X'(m) = B(m)X(m) where B( m) = I if IH( m)1> 6,

otherwise B( m) = 0

~(m) = ~(m )X( m)

(4)

(5)

THEORY (6)

where (A(m) l is the corresponding vector of finite amplitude con
strained inverse filters such that:Inverse Filtering

The response of a vessel to a unidirectional irregular wave can
be considered as the output of a filter operating on a single ran
dom input. The vessel is characterized by its impulse response
function. The impulse response has the effect of convolving or
smearing the input such that the response is effectively the linear
superposition of the individual responses to a train of impulses of
varying size. For a discretely sampled system this is written as:

The estimate X'(m) will be correct for any frequency where

1(m)T ~(m) = 1

(7)

(8)

The sequence xn can then be retrieved by inverse Fourier trans
formation.

where Xn is the sequence of the input samples at a time interval of

Li seconds, Yn the output, and hj the discrete time impulse response
function.

The inverse operation of solving for all the values of Xn which
give a known set of Yn, is not immediately possible. It can, how

ever, be achieved by transforming the signals into the frequency
domain such that the above equation becomes:

where mN is the Nyquist frequency.
There are two major problems with this equation. The first is

that infinite frequency resolution is not generally available, be

cause one has to work with finite length data sequences. In prac
tice, the integration becomes a summation over a discrete set of
frequencies. The more fundamental problem, however, is that the
transfer function is very likely to be small if not zero at some fre
quencies. This has the effect of amplifying any noise in the mea
sured responses.

In the time domain the above equation can be written as a con
volution sum.

(9)

(10)X~ = L E} Yn-j
j=_oo

roN

x~= f ~(m)T!(m)eimnLidm
-roN

If this is not possible, {A (m)} is chosen such that the right hand
side of Eq. 8 is zero, in which case the estimate will not contain

any components at that frequency. Rather than setting Bj(m) to ei
ther one or zero, there is in fact an infinite number of combina

tions, including complex numbers which can satisfy the above
constraint equation. This possibility can be used to extend the
method to filter waves from different directions, using the same
set of sensor outputs (Knoop, 1990).

The reason for going to these lengths is that we have now de
scribed the inverse filtering problem in terms of a linear combina

tion of the outputs of the filters Aj(m), acting on the responses
Yj (m). Using the inverse Fourier transform, the discrete time his
tory of the constrained signal is now given by:

where {Y In is the vector of the set of measured responses at time

interval n, and {a lj is the set of impulse responses filters obtained
by inverse Fourier transformation of each element of (A(m)}.

There are therefore two routes to obtaining the original input or
wave: either by inverse transformation of the frequency domain

(3)

(1)

(2)

Yn = Lhjxn-j
j=-~

Y(m) = H(m)X(m)

roN

- f Y(ro) iront1dm H(m)~Oxn - H(ro)e
-roN
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estimates, or by the linear superposition of the time histories ob
tained from the convolution of each output with its constrained
time domain inverse filter.

OlN

F(w)= fH(W-s, S)X(w-S, S)dS (16)

Calculation of Drift Forces

f(nJ,n2)= L Lh(i,j)x(n]-;,n2-j) (12)
j=-oo j=-oo

(17)

(18)

p

xn = LajYn-j
j=-f

20lN

f(n) = f F(w)eiOlnd dw
-20lN

if

REAL TIME IMPLEMENTATION

where E is a practical threshold below which the function is as
sumed to be zero. Thus fa and Pa can be considered as the future
and past extent respectively of a given inverse filter. Note that the
future extent fa should not be confused with the drift force time

history fen).

The overall extent or memory of the impulse response will de
pend on the frequency resolution of the system, manifested as the
steepest gradient in the frequency domain transfer function. Hence
the rectangular window B(w) implied by Eq. 4 will theoretically
have infinite extent because of the step change in the frequency re
sponse. The method of overcoming this problem, used in the de
sign of finite impulse response (FIR) digital filters, is to smooth the
sharp edges of the frequency domain transfer function, so that

there is a gradual transition from zero to unity gain. Frequency res
olution is compromised, but with a significant reduction in the
length of the convolution filter. The same technique can be applied
to the inverse filtering problem using several outputs because, as

mentioned above, the value of Bj(w) is not limited to either I or
zero. Instead of taking only one of the responses to estimate a par
ticular frequency band in the input, a weighted sum of different re

sponses is used, so that the non-zero portions of Bj(w) overlap, and
each element of {A(w)} varies smoothly with frequency.

As well as the factors mentioned above, the future extent of the

inverse filter will depend on the phase lag of the measured re
sponses relative to the incident wave. Hence non-causal effects

can be minimized by using responses which lead the wave eleva
tion as measured at the center of gravity of the vessel, e.g., wave
properties near the bow in head seas.

In order to carry out frequency domain convolution, the input is
assumed to be periodic, with a cycle of N samples, and the im
pulse response function is extended to N samples and arranged in

wrap-around order such that h.j = h N+]-j. Both functions are then
transformed by means of the fast Fourier transform, and the re

sulting Fourier coefficients are multiplied term by term. The in
verse transformation of the resulting Fourier series is the circular

Together, the discrete forms of Eqs. 16 and 17 represent the
frequency domain method for calculating the drift force at sample
instant n.

It is necessary to examine the impulse response function of the
inverse filter more closely in order to ascertain the conditions in
which real time implementation is possible. In practice, this does
not have infinite extent, neither into the past nor into the future.
The limits of the convolution sum can therefore be changed with
no loss of accuracy:

which gives the simple expression for the drift force in the time
domain as a single inverse Fourier transform:

(13)

(II)

The second order drift force is then given by the two-dimen

sional convolution of the input with the quadratic impulse re
sponse function h(n], n2):

where H(w], (2) is the quadratic transfer function, which could be
obtained by the two-dimensional Fourier transform of hen), n2)'

Thus the full expression for the drift force in the time domain is
the double inverse Fourier transform:

Since this only needs to be evaluated along the line n] = n2, the
calculation can be reduced to a single Fourier transformation
along the sum frequency line W= w] + W2and a summation over
W2:

Given a time history of the incident wave, several ways of esti
mating the drift force on the vessel have been proposed. The sim
plest method is to assume that the drift force is proportional to the
square of the wave height elevation. Depending on the level of so

phistication, the constant of proportionality can be made depen
dent on the instantaneous frequency of the wave envelope (Hsu
and Blenkarn, 1970).

The more general approach, however, is to use the second order
Volterra series model to characterize the response of a non-linear
system in terms of a quadratic impulse response function, which is
convolved with the product of the input at different time lags. This
was used by Dalzell (1977) for calculation of added wave resis
tance for ships with forward speed. Other authors - e.g., Sincock
(1990) - have applied similar techniques in the frequency do
main to calculate slow drift behavior of compliant structures. In
this case, the quadratic transfer function (QTF) describes how dif
ferent frequencies in the input(s) interact to produce a response at
the sum or difference of the two frequencies. When this approach
is adopted, it is convenient to associate low frequency drift behav
ior with the sum frequency components (based on positive and
negative frequencies).

The equation for the second order drift force is obtained by first
defining the two-dimensional function which is the product of the
wave inputs at discrete time lags:

The resulting function has a value at every point in the nJ, n2
plane, but the points of interest are where n] = n 2.

The above equation can then be transformed into the two-di
mensional frequency domain so that:

(i)N (J.)N

f(nJ' n2) = f f F(wJ, (2)eiOllnl"ei0l2I1:2d dWJ dW2 (14)
-OON -OON

(J.)N OON

f(n) = f f H(wJ, (2) X(w], (2)ei(0l1+0l2)nd dWJ dW2 (15)
-(J)N -(J)N

If W = wJ + w2 and S = w2, we can define the sum frequency
component of the drift force F(w) as:
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convolution of the two input functions. The circular convolution
differs from the desired linear convolution in two respects. The

first Pa samples of the output are corrupted because the past extent
of the impulse response function includes the end of the previous
cycle of the assumed periodic signal, rather than the true signal in
the convolution sum. Similarly, the last I samples are corrupted
because the future extent of the impulse response includes the

start of the next cycle of the periodic signal, rather than the true
signal. It can be shown mathematically that, for a finite duration
impulse response, circular convolution in the frequency domain is
identical to linear convolution in the time domain in the region Pa

< n < N-Ia (Defatta et aI., 1986).

If this procedure is to be carried out in real time, the sampled
input data points are stored in a fixed length buffer. At each sam
ple instant, the current contents of the buffer are extended to a to
tal of N points by adding L zeroes into the future. The length of
the added zeroes should be equal to the duration of the impulse re
sponse function to minimize end effects. The extended block is
Fast Fourier Transformed, each Fourier coefficient multiplied by

the corresponding transfer function, and the resultant series in
verse transformed. Relative to "time now," the resultant output
time history runs over N-L past points to L points into the future.
As described above, the start of the block will be inaccurate be
cause the convolution will include the null effect of the added ze

roes, which gets progressively less significant until the pth point,
after which the result is unaffected by the assumption of periodic
ity in the input.

If the impulse response is causal - Le.,fa = 0 - the wave time
history will be correct right up to "time now." The extension into
the future will generally be non-zero, which represents the slowly
decaying response to the impulses received up to "time now." In the
case of the constrained inverse filter which imposes a bandwidth
limitation on the estimated input, this is quite an effective prediction
into the near future (half a cycle). If the impulse response is non
causal, the implication is that future points are required for the cor
rect result. Hence the given output for which future inputs were set
to zero, is only accurate up tola points before "time now."

As far as the drift force calculation is concerned, rather than the

true linear convolution of Eq. 12, the frequency domain method
(using finite blocks of data) actually calculates the two-dimen
sional block convolution of the periodic input function which is
analogous to the circular convolution of the one-dimensional case

(Dudgeon and Mersereau, 1984). This is realistic only if the extent
of the quadratic impulse response function is finite. As for a one
dimensional filter, we can define the past and future extent of the

quadratic impulse response function, so that frequency domain
block convolution yields the correct result in the range

(19)

where N is the block length used in the finite discrete Fourier

transform, Pq the longest of the past extents or decay times of the
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Fig. 1 Experimental bow probe transfer function
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impulse response in each dimension, and Iqthe longest of the fu
ture extents or greatest non-causality.

The extent of the quadratic impulse response function can be
examined by inverse transformation of the quadratic transfer func
tion, taking into account the change in the axes to sum and differ
ence frequency as described in Mitchell et al. (1989). As in the
one-dimensional case, it is possible to reduce the extent of the

quadratic impulse response by smoothing the quadratic transfer
function in the frequency domain.

Thus the drift force time history will be incorrect, due to having
the wrong input to the convolution for the first Pa points, and it

will take the next Pq points for that error to be "forgotten." The re
sult should be correct from there up to the end of the finite block,
i.e., "time now," if both the inverse filter and the QTF are causal.

If not, the force estimate will suffer from having the wrong future

input for la +Iq points before "time now."
At each cycle, the portion of the force time history that is not

influenced by the end effects could then be retained and combined

with the estimates from previous cycles to build up the historical
time history which is used to fit the autoregressive model. Once
established, this can be used as a linear predictor at each cycle so
that the estimate can catch up with real time.

RESULTS

In order to demonstrate the above procedure, experiments were
carried out in the wave basin at Heriot Watt University with a

1:81 scale series 60 tanker model. A wave probe was mounted on
the bow of the moored vessel, and the response to a unidirectional
random sea state was measured for an hour. A load cell in the

front mooring line was used to give a measure of the actual forces
on the vessel, and by filtering this, the slowly varying drift force
was obtained as described by Mitchell et al. (1989).

With the vessel removed, the same sea state was subsequently

measured by a wave probe fixed at the position where the center
of gravity of the vessel had been. Offline cross spectral analysis of
the measured input with the various vessel responses yielded di
rectly the transfer functions of interest, which could be used to de
termine the appropriate inverse filter.

Fig. 1 shows the experimentally measured linear transfer function
of the bow-mounted wave probe, plotted against normalized fre
quency (i.e., a fraction of the Nyquist frequency, which in this case
is 0.555 Hz). Nearly all the power in the irregular wave spectrum

was in range from 0.0625 to 0.125 of the Nyquist frequency. The
corresponding constrained inverse filter is shown in both frequency
and time domain representations in Figs. 2 and 3, respectively.

The quadratic transfer function was obtained by cross bi-spec
tral analysis of the measured wave time history and the filter drift
force time history as described by Sincock (1989) and is shown

(amplitude only) in Fig. 4. The bifrequency axes are expressed
relative to the Nyquist frequency.
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A computer simulation was implemented to read the stored

records of the vessel responses and carry out the inverse filtering
operation as if it were happening in real time. The constrained de
convolution of the bow probe response was carried out in the fre
quency domain in blocks of 512 points with 128 points of zero
padding into the future.

Fig. 5 shows a snap-shot of the real time wave and drift force
estimation in a unidirectional random sea state. The wave has

been estimated from the measured response of the bow-mounted
wave probe and is plotted relative to "time now," together with
the wave as it was measured without the model in the tank. It can

be seen that the wave estimate has in itself certain prediction
properties. These arise in part because the probe was located for
ward of the center of the vessel, but also because the inverse fil

ter decays sinusoidally, which prevents a step change in the wave
at "time now" to the future wave, which is assumed to be zero.

Also plotted are the measured and calculated drift forces relative

to "time now"; the latter has been calculated using the wave esti
mate shown and the experimentally derived quadratic transfer
function.

The point-by-point agreement is quite sensitive to the upper
cutoff frequency for the drift force, which in this case corresponds

to 33 seconds drift force period. Nevertheless, it can be seen that
the estimate closely follows the form of the measured force.

Fig. 6 shows a similar plot of real time drift force calculation,
except that the QTF has been determined numerically by a second
order diffraction analysis. The force estimate is plotted together
with the drift force that has been calculated offline in a 32000

point segment, using the same QTF and a simulated wave time
history. It can be seen that in this case, calculating the force in real
time does not introduce significant errors and the estimate is ef

fectively valid up to "time now" and for some seconds into the fu
ture, due to the smoothness of the given QTF.

For the above cases, a single cycle of reading new data, Fourier
transformation, inverse filtering, drift force calculation using the
full QTF, inverse transformation, and plotting of the time histories
was accomplished in well under 1 second on a Microvax II com
puter. A large portion of this time is in fact spent performing the
animation of the time histories on the screen.

The above results do not include autoregressive prediction. The

effectiveness of this technique has been demonstrated separately
however, using both measured and artificially generated drift

force time histories. In Fig. 7, a 40 pole linear prediction filter has
been fitted to the first 4980 points of a 32000 point artificially
generated drift force time series. The circles show the prediction

of the 40 points immediately following the last point used in the
model fitting process, plotted over the curve of the actual values.
The process works by first calculating the one step ahead predic
tion as a sum of the previous 40 points, each weighted by their re
spective linear prediction coefficient. This is then repeated with
the input points shifted along and using the previous one step
ahead prediction. Thus the model can run forward to predict any
number of points ahead. As can be seen from the plot, the predic
tion starts to diverge from the true value after about 40 points, Le.,
the stage at which it is being fed by speculated points alone.

Fig. 8 gives a similar example, except that the drift force time
series has been measured experimentally in the wave tank. The
autoregressive model has again been fitted to the previous 4000

points, but has 100 poles. It can be seen that the prediction is ef
fective for 100 points which, at a full scale sample interval of 0.9,
is 90 seconds into the future. The same set of prediction coeffi-



6 Real Time Estimation of Waves and Drift Forces

5.000·•
b 3.000

S
1.000

-1.000

-3.000

o
'"

8 ~ % 8

_ Measured

o p Estimated

-288.0 -230.4

Wave Time History

-112.8 -JJO.2 -07.8 0.000 07.8 110.2
Reconds

1600.0

~ 1200.0

800.0

400.0

0.000

-.OO·~340.8 -288.0 -230."

Drift Force Time History

110.2
seconds

Fig. 5 Real time estimation of experimental wave and drift force

00.8

seconds

seconds

0.000

0.000

_ Me~suredo 0 E1sUmated

-00.8

-111.7

-111.7

-187.8

-167.8

-223,4

-223 .•

-270.3

-279.3

-336.1

-330.1

Drift Force Time History

Wave Time Hi~tory

0.000··1:; 3.000·e
1.000

-1.000-a.poD-0.002.381.0800.0~ BOO.a400.0200.00.000-200·~3"1.0

Fig. 6 Real time estimation of simulated wave and drift force

~ 1800.0

',;
:11200.0

800.0

400.0

Fig. 7 Linear prediction of simulated drift force

00.0 ,.~.o 100.0 .

points

Fig. 8 Linear prediction of experimentally measured drift force

!11800.0
;:
:f 1200.0

800.0

400.0

0.000

-30,0 -~o.o -to.O 0.000 10.0 20.0 30.0

00

40.0
points



International Journal of Offshore and Polar Engineering

cients can be used to start the prediction at any point in the time
series, either during or after the period over which the model was
fitted. The time taken to fit the 100 pole model was approximately

20 seconds on the MicrovaxlI computer, whilst the time required
to step through the 100 point prediction was negligible compared
with the full-scale sample interval.

CONCLUSIONS

The estimation of the undisturbed incident wave from a floating
structure has been shown to be feasible in real time. By using con

strained inverse filtering of several readily available measure
ments of relative wave height and vessel responses, it is possible
to retrieve amplitude and phase information at all frequencies of
interest.

The method of modelling the incident wave would depend on

the sophistication of the motion measurement system, but in the
first instance would be a long crested sea with varying direction.
The formulation is sufficiently general, however, to allow for any
combination of sensors and the possibility of using beamforming
techniques to break down the incident wave into several discrete
directions, although this technique is not yet fully proven.

The estimation of second order forces from the unidirectional

wave estimate has also been shown to be feasible. The same algo

rithm can rapidly produce a simple wave squared approximation
or, given a theoretical model of the vessel hydrodynamics in regu
lar bichromatic waves, a more accurate estimate using the

quadratic transfer function.
A causal dynamic system would generally yield a non-causal

inverse filter. In addition, the quadratic impulse response may also
be non-causal, such that the drift force estimate is only valid after

a certain delay. By analyzing the impulse response representations
of the transfer functions, it is possible to assess the extent of this
delay. The indications are that it can be compensated for by fitting
an autoregressive model to the slowly varying force time obtained
from previous estimates, and then using this as a linear predictor.

Applying the linear prediction techniques to the measured (as
opposed to estimated) force time history showed that it is possible

to obtain good predictions of the force up to 1.5 cycles ahead (as
much as 90 seconds).

Design of a system for a particular application would require an
extensive first order diffraction analysis to establish the vessel re

sponse characteristics and the total wave elevation at selected
points for all frequencies and directions of interest. A second or
der bi-frequency analysis would be necessary to establish the
wave elevation to drift force quadratic transfer functions.
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